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◦ h R(h)

◦

h∗ = hR(h)

◦

h∗(x) = (η(x) ≥ 1/2)

η(x) = (Y = 1|X = x)



(
|R(ĥ)−R(h∗)| ≤ f(n)

)
> 1− δ ,

◦ ĥ

◦ h∗

◦ f n f(n) → 0 n → ∞
◦ δ ∈ (0, 1)

◦ 1− δ



ĥ

◦

ĥ = hR̂(h)

R̂(h) = 1
n

∑n
i=1 (h(Xi) ̸= Yi)

◦

h∗(x) = (η(x) ≥ 1/2)

η(x) = (Y = 1|X = x) = f1(x) (Y=1)
f0(x) (Y=0)+f1(x) (Y=1)

η̂(x) = ̂ (Y = 1|X = x) = f̂1(x)̂ (Y=1)

f̂0(x)̂ (Y=0)+f̂1(x)̂ (Y=1)

η̂(x)

ĥ(x) = (η̂(x) ≥ 1/2)



R(h) = (h(X) ̸= Y )

= (Y = 0)R0(h) + (Y = 1)R1(h),

◦ R0(h) = (h(X) ̸= Y |Y = 0)
◦ R1(h) = (h(X) ̸= Y |Y = 1)

◦

⇒
◦

⇒
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◦ X|(Y = 0) ∼ N(0, 1)

◦ X|(Y = 1) ∼ N(2, 1)
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R0(h)≤α
R1(h) ,

α 5

◦

◦



h∗ = R(h)

φ∗ = R0(φ)≤αR1(φ)

α



◦

φ̂ α
α+ ϵ

◦

R0(φ̂) ≤ α
R1(φ̂)−R1(φ∗) → 0

n

◦ ĥ
R(ĥ)−R(h∗) → 0

h∗(x) = (η(x) ≥ 1/2)
η(x) = E[Y |X = x] = (Y = 1|X = x)

Y X
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◦

φ [φ(X)|Y = 1] , [φ(X)|Y = 0] ≤ α ,

α ∈ (0, 1)

0 1 p0
p1 Cα

0(p1/p0(X) > Cα) ≤ α 0(p1/p0(X) ≥ Cα) ≥ α.

α α

φ∗(X) =

⎧
⎪⎨

⎪⎩

1 >
0 p1/p0(X) < Cα
α−P0(p1/p0(X)>Cα)
P0(p1/p0(X)=Cα)

=



◦

φ [φ(X)|Y = 1] , [φ(X)|Y = 0] ≤ α ,

α ∈ (0, 1)

0 1 p0
p1 Cα

0(p1/p0(X) > Cα) ≤ α 0(p1/p0(X) ≥ Cα) ≥ α.

α α

φ∗(X) =

⎧
⎪⎨

⎪⎩

1 >
0 p1/p0(X) < Cα
α−P0(p1/p0(X)>Cα)
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◦ f(x) f(x) = ˆ (Y = 1|X = x)

◦ t

h(x) = (f(x) ≥ t)

◦ f

◦ f t
α δ



◦ f(x) f(x) = ˆ (Y = 1|X = x)

◦ t

h(x) = (f(x) ≥ t)
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◦ f t
α δ



α, δ ∈ [0, 1] ĥ

(
R0(ĥ) > α

)
≤ δ

◦

0 1 ⇒
0 ⇒

◦

α ≤ δ

◦



T1, T2, · · · , Tn

F T(k) k T(1) ≤ · · · ≤ T(n)

t Ti

[
T(k) > t

]
=

n∑

i=n−k+1

(
n

i

)
[1− F (t)]i [F (t)]n−i .

◦ F
t = F−1(1− α)



[
T(k) < F−1(1− α)

]
≤

n∑

j=k

(
n

j

)
(1− α)jαn−j ,

F

◦



0
n

T1, · · · , Tn

T(k) k T(1) ≤ · · · ≤ T(n)

T φ̂k = (T > T(k))

φ̂k

R0(φ̂k) =
[
T > T(k)|T(k)

]
= 1− F (T(k)).

T1, · · · , Tn

[
R0(φ̂k) > α

]
≤

n∑

j=k

(
n

j

)
(1− α)jαn−j .



◦ φ̂k α
k α[

R0(φ̂k) > α
]

φ̂k

v(k) =
n∑

j=k

(
n

j

)
(1− α)jαn−j .

Ti



◦

k∗ = {k ∈ {1, · · · , n} : v(k) ≤ δ} .

◦ ∃k v(k) ≤ δ

n ≥ δ/ (1− α).



Algorithm An NP umbrella algorithm
1: input:

training data: a mixed i.i.d. sample S = S0 ∪S1, where S0 and S1 are class 0 and
class 1 samples respectively

α: type I error upper bound, 0 ≤ α ≤ 1; [default α = 0.05]
δ: a small tolerance level, 0 < δ < 1; [default δ = 0.05]
M : number of S0 random splits; [default M = 1]

2: function RANKTHRESHOLD(n,α, δ)
3: for k in {1, . . . , n} do ◃ for each rank threshold candidate k
4: v(k)←

∑n
j=k

(
n
j

)
(1− α)jαn−j ◃ calculate the violation rate with threshold k

5: k∗ ← min {k ∈ {1, . . . , n} : v(k) ≤ δ} ◃ pick the minimal threshold whose violation rate
is under δ

6: return k∗

7: procedure NPCLASSIFIER(S,α, δ,M )
8: n = ⌈|S0|/2⌉ ◃ denote half of the size of |S0| as n
9: k∗ ←RANKTHRESHOLD(n,α, δ) ◃ find the rank threshold

10: for i in {1, . . . ,M} do ◃ randomly split S0 for M times
11: S0

i,1,S0
i,2 ← random split on S0 ◃ each time randomly split S0 into two halves with

equal sizes
12: Si ← S0

i,1 ∪ S1 ◃ combine S0
i,1 and S1

13: S0
i,2 = {x1, . . . , xn} ◃ write S0

i,2 as a set of n data points
14: fi ← classification algorithm(Si) ◃ train a

classification scoring function fi by inputting Si into the classification algorithm; let fi output a
larger expected value for class 1 data

15: Ti = {ti,1, . . . , ti,n}← {fi(x1), . . . , fi(xn)} ◃ apply the scoring function fi to S0
i,2 to

obtain a set of score threshold candidates
16:

{
ti,(1), . . . , ti,(n)

}
← sort(Ti) ◃ sort elements of Ti in an increasing order

17: t∗i ← ti,(k∗) ◃ find the score threshold corresponding to the chosen rank threshold k∗

18: φi(X) = 1I (fi(X) > t∗i ) ◃ construct an NP classifier based on the scoring function fi
and the threshold t∗i

19: output:
an ensemble NP classifier φ(X) = 1I

(
1
M

∑M
i=1 φi(X) ≥ 1/2

)
◃ by majority vote

1
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◦ X|Y = 0 ∼ N(0, 1)

◦ X|Y = 1 ∼ N(2, 1)

◦ (Y = 0) = 1/2

◦ (X > t)

◦ = 1− Φ(t)

◦ = Φ(t− 2)
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(X1|Y = 0) ∼ N (0, 1) (X1|Y = 1) ∼ N (1, 1) (X2|Y = 0) ∼ N (0, 1)
(X2|Y = 1) ∼ N (1, 6) (Y = 0) = (Y = 1) = 0.5

n = 1, 000 δ = 0.1

X1 f1 X2 f2
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Where to set the threshold? 

More diseased Healthier

Question: 
If doctors would like to control the false negative rate under 1% 
while minimizing the false positive rate, what should be the 
diagnosis threshold?

Threshold 1

Threshold 2

Threshold 3

Threshold 4

Threshold 5

https://youtu.be/vbeeHqJ_PHY


Setting the threshold is not difficult when 
observing the population
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https://youtu.be/vbeeHqJ_PHY


Setting the threshold is not difficult when 
observing the population

More diseased Healthier

Threshold 1

Threshold 2

Threshold 3

Threshold 4 ⭐

Threshold 5

https://youtu.be/vbeeHqJ_PHY


However in reality, we only observe a random 
sample from the population
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https://youtu.be/vbeeHqJ_PHY


Problem arises if we set the threshold such that 
the false negative rate (FNR) on a random sample 
equals 1%

More diseased Healthier

Threshold 1

Threshold 2       FNR on the population = 7%"

Threshold 3

Threshold 4

Threshold 5

https://youtu.be/vbeeHqJ_PHY


As we observe more and more random 
samples…

More diseased Healthier

Threshold 1 (5%)

Threshold 2 (15%)

Threshold 3 (30%)

Threshold 4 ⭐ (35%)

Threshold 5 (15%)

How likely will we choose each threshold?

About half the chance 
we will choose a 
threshold with FNR 
on the population 
greater than 1% "

https://youtu.be/vbeeHqJ_PHY


https://CRAN.R-project.org/package=nproc
mailto:jli@stat.ucla.edu




◦

◦
(Y = 1) = 1/ (1 + {−(1 + 2X1 + 3X2)}) X1 X2 ∼ N(0, 1)

12 Jingyi Jessica Li and Xin Tong

Figure 3 shows a scatterplot of the training data. We also simulate 1000
test data sets with 1000 observations from the same model, to evaluate the
performance of classifiers.
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Fig. 3 Scatterplot of the training data with 1000 observations and two-dimensional
features. Black circles and red crosses represent class 0 and class 1 respectively.

> # test data
> test_data <- lapply(1:1000, FUN=function(i) {
+ set.seed(i+1)
+ x1 <- rnorm(1000)
+ x2 <- rnorm(1000)
+ x <- cbind(x1, x2)
+ z <- 1 + 2*x1 + 3*x2
+ pr <- 1/(1+exp(-z))
+ y <- rbinom(1000, 1, pr)
+ df <- data.frame(x1=x1, x2=x2, y=y)
+ return(list(x=x, y=y, df=df))
+ })

3.1 Logistic Regression

Logistic regression is a type of generalized linear model. For binary classifi-
cation purposes, logistic regression can serve as a classification method. One
way to interpret logistic regression is that it models
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